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SQUARE OF FREQUENCY

Fig. 1 Eigencurves: A) Rayleigh line; B) eigencurve of the non-
conservative system; C) eigencurve of the corresponding conservative
system.

The exact critical load of the corresponding conservative
system is

?
- SOK(UI)U1dx
P, = ; - (16)
pcSOFc(UI)UIdX

Let us now obtain an approximate critical load for the non-
conservative system, using the fundamental buckling mode of
the corresponding conservative system as the approximate
deflection function, i.e.,

y{x)=v;(x) a7
Using Galerkin’s method, we get:
4
- SO K(U] ) U]dx
P ,= (18)

4 4
pcSOFc(UI)UId-x+pnSan(vl)vldx

The second term in the denominator is zero, because of Eq.
(4). Comparison of Egs. (16) and (18) yields,

Pcr,v=P-cr (19)

Leipholz and Huseyin? have shown that the critical load of
the corresponding conservative system is a lower bound to the
critical load of the preceding divergence-type nonconservative
system, i.e.,

Pcr Zp_cr (20)
From Egs. (19) and (20),
PCI‘ZPL‘I',U (21)

Equations (12) and (21) may be summarized by the
following Theorem: the approximate critical load of an un-
damped, one-dimensional, divergence-type nonconservative
elastic system, in which the work done by the nonconservative
component of the external forces is zero, is an upper bound, if
the deflection of the system is approximated by the fun-
damental vibration mode of the corresponding free system,; it
is a lower bound if the deflection of the system is ap-
proximated by the fundamental buckling mode of the
corresponding conservative system.
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Experimental Investigation of Under-
expanded Exhaust Plumes

Jean-Claude Lengrand, * Jean Allégre,t and
Michel Raffint
Laboratoire d’ Aérothermique du Centre
National de la Recherche Scientifique, Meudon, France

N a recent paper,! one of the authors presented an ap-

proximate model for calculating highly underexpanded
rocket exhaust plumes. The aim of the present work is to com-
pare original experlmental results with the predictions of‘the
reported model.

Calculations

Our calculations are based on the following assumptions:

1) The flowfield is divided into two regions separated by a
thin viscous layer: the external atmosphere and an inner
region, where the exhaust gas is unaffected by the external at-
mosphere, and thus behaves as in a vacuum expansion. >

2) Within the inner region, the streamlines are radial, the
local velocity U is equal to its limiting value U,, and the
evolution is isentropic along the streamlines. The exhaust gas
is assumed to be perfect with constant specific heat ratio v.
Considering polar coordinates R, § centered on the source, the
continuity equation yields

(0UL)/(p.U,) =A f(6)/R?, with f(§=0)=1 ¢y

where p is the density, A is a constant, and the subscript e
refers to the nozzle exit conditions.

3) The inner region is divided into two parts’: for small
polar angles (#<#0,), the gas originates from the isentropic
core of the nozzle, whereas for large polar angles (6>6,), the
gas originates from the nozzle boundary layer. Semiempirical
expressions for f(#) in both regions have been proposed by
Boynton* and Simons. * Details of the model may be found in
Ref. 5. It essentially consists of the model described in Ref. 1,
except for some improvements which allow calculations with
thick nozzle boundary layers to be made. Thus, the equation
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for calculating the constant A becomes 0
| X
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The equation for determining 8, becomes S SYMBOL + 4 . °

sl (i
I+cose, R, R, 2

9 8 2/(v—1)
/SoO[COSG(Z)] """ singde 3)

and the relation between the ordinate y in the boundary layer
and the polar angle § becomes

d(y/8) — Asinfh (9) .Me '[2+(7—1)M§]‘/z @
d9  S(R,—ycosa,) M L2+ (y—1)M?
with the same notations as in Ref. 1.
Experiments

Nitrogen jets from small supersonic nozzles exhausted into
a still low-density air atmosphere. Thirteen experiments were
conducted (runs 1-13). The different parameters (exit Mach
number M,, nozzle half angle «,, and pressure ratio, P,/
P.) were varied independently (2.28<M,<6.53,
0<a,<30°, 6.96x10 " *<P,/P,<2.61x10~%). The throat
Reynolds number was in the range 1200-23,000, the exit
radius R, was. 1.6-5mm, and the boundary-layer thickness in
the exit-plane was 0.13-0.24 R,. In each case, the flowfield
was investigated using an electron beam probe. The local den-
sity was deduced from a photometric measurement of the in-
tensity of the nitrogen first negative system (0-0) band. A
correction for nonradiative de-excitation was made. For one
of the plumes (run 4), the local rotational temperature T, also
was deduced from the ratio of the intensities of lines 1-2 of the
R-branch of the (0-0) band, to the intensity of the whole band.
The line intensities were related to the populations of the
rotational levels (and thus to 7,) using the Muntz model. ®
The ratio was calculated automatically by means of a
ratiometer, allowing on-line measurements of T, to be made.
Details of experimental conditions and results, as well as a
more detailed discussion, are given in Ref. 5.

Results and Discussion
Evolution on the Axis

Runs 1 to 4 were carried out by using the same nozzle and
the same stagnation conditions P,,T,, but the pressure ratio
P, /P, was varied. Figure 1 shows the experimental density
repartition on the axis of the jets, together with the prediction
of the model. X and Z are, respectively, the axial and
transverse coordinates. The excellent agreement between
theory and experiment confirms: 1) the validity of the source
flow assumption (at least near the axis) for abscissa larger
than a few exit radii, 2) the fact that the inner part of the jet is
unaffected by the external conditions, and 3) the validity of
the determination of the constant 4, using Eq. (2).

Order of magnitude calculations for rotational and vib-
rational relaxation led to the conclusion that the vibrational
temperature is frozen whereas the rotational temperature is in
equilibrium with the translational temperature 7. The
evolution of 7, on the axis therefore should be deduced from
the evolution of o by using the isentropic relation, with
y=1.4. Figure 1 shows that the measured rotational tem-
perature on the axis for run 4 actually agrees with the predic-
ted one within experimental uncertainties.
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Fig. 1 Axial profiles; temperature and density.
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Fig.2 Transverse profiles; density.

Transverse Profiles

Transverse density profiles for run 4, at various abscissas,
have been plotted in Fig. 2, together with the unique profile
deduced from the semiempirical expressions of f(§) in-
troduced in the model. Both profiles fit together at large ab-
scissas  (40-60 R,), but the calculated one tends to
overestimate the density at low abscissas. Perhaps this is
because of the failure of the source flow hypothesis at large
polar angles and small abscissas. It is nevertheless remarkable -
that this hypothesis leads to a correct value of A and, con-
sequently, correct values of the density on the axis, even at
low abscissas.

The experimental rotational temperature profile and the
predicted one for run 4 at the abscissa X/R, =10 have been
plotted in Fig. 3. A sudden change in the slope of the
predicted temperature profile occurs at Z/R,=5.7, which
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Fig.3 Transverse profiles; temperature.
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Fig.4 Jet boundary and lines of constant density.

corresponds to =6, =29.8°. This is because of the gradient
of static temperature in the exit section of the nozzle, when en-
tering the boundary layer. As the model does not describe the
viscous layer, the comparison with the experimental profile
must be restricted to the region between the axis and the in-
ternal shock. The measured profile exhibits the same overall
features as the predicted one. A sudden change in the slope is
observed at the predicted value of 8,, a finding which con-
firms the validity of the determination of 8, from Eq. (3), But
both profiles really do not coincide. The fact that the
measured 7, profile coincides with the 7, profile deduced
from the p profile, using the isentropic relation, suggests that
the discrepancy is mainly because of the inadequacy of the
semiempirical f(8) at such abscissa, and possibly because of
the experimental error.

Jet Boundary

Under our experimental conditions, the gas was so rarefied
that the flows could be classified in the transition regime. Dif-
fusion phenomena forbid speaking of a well-defined jet boun-
dary. Draper and Sutton’ consider that the theoretical boun-
dary obtained from a continuum theory then can be in-
terpreted as the line of equal concentration of the external and
the ejected gas, provided that both gases had approximately
equal molecular weights. We have plotted in Fig. 4 the lines of
equal density deduced from the exploration of the flowfield of
run 8, and we developed a very simple calculation for deter-

mining the position of the line of equal concentration, based

on the following assumption.

Near the boundary, a region exists where the external air
diffuses into the ejected nitrogen. We consider this region as a
boundary layer with a uniform pressure P,,, a velocity profile
U, and a temperature profile T, related to the U profile by
means of the modified Crocco relationship,

T=Te+(T;,—T.)U/U, —T,(U/U.)? (5)
where the recovery temperature 7, may-be approximated by

the local total temperature T, in the jet at the boundary of the
viscous layer. Furthermore, the « profile (concentration of
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ejected gas) is assumed to coincide with the U profile (o = U/
U;). Then, simple calculations lead to

pﬂ”PmTa a+0.79(1 —a)
0o  PoTo 14+ (T, /T—1ya—(T,/Ty)o?

©®

For run 8, the stagnation temperature 7, is equal to T, so
that 7, is approximately equal to 7, all along the boundary.
The line of equal concentration « = ¥2 coincides with the line
of constant density

ONy/Po=1.19P T,/ (P, T} =1.16 10~ )]

Figure 4 shows that the calculated boundary nearly coin-
cides with the line of equal density py,/p,=10"*. Con-
sidering the approximations made in the present calculation, a
better agreement was not expected. Nevertheless, it seems that
the interpretation by Draper and Sutton for the calculated
boundary in the transition regime is confirmed to the present
experiment.
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Hot-Wire and Vorticity Meter
Wake Vortex Surveys

A.D. Zalay*
Lockheed Missiles & Space Company, Inc.,
Huntsville, Ala.

ECENTLTY, as part of a systematic study on
wake vortices, surveys have been conducted using both a
hot-wire anemometer and a paddle-wheel-type vorticity
meter.! As anticipated, the hot-wire and vortex meters gave
similar results for concentrated trailing vortices. When the
vortex wake was ‘‘aged’’ by turbulent injection, however, the
vorticity meter significantly underestimated the strength of
the vortex field. Comparisons of the vorticity meter and hot-
wire wake vortex surveys, summarized briefly in the following
Note, indicate that vorticity meters behave in a nonlinear
fashion in weak vortex fields.
Measurements have been conducted of the trailing vortex
formed 6.5 chord lengths downstream of a 21-in. chord, rec-
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